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Stable intersectionsf affine cantor sets
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Abstract. Weconstruct open sets of pairs of affine Cantor gkétsK /) with thesimplest
possible combinatorics (i.e., defined by two affine increasing maps) which have stable
intersection, while the product of lateral thicknesse&K ) - . (K’) is smallerthan one.

Thus, in a strong form, the converse to the following classic result due to Newhouse is
not true: if the product of the thicknesses of two Cantor sets is bigger than one then there
are translations of them which have stable intersection. We also describe the topological
structure ofK — K’ for typical pairs(K, K’) in thisopen set.
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1 Intr oduction

Regular Cantor sets play an important role in dynamical systems and in some
problems in number theory, related to diophantine approximations. Intersections
of hyperbolic sets with stable and unstable manifolds of its points are often regular
Cantor sets, and so are many Cantor sets given by combinatorial conditions on
the continued fraction of real numbers. The study of metrical and topological
properties of arithmetic differences of regular Cantor sets appear naturally in the
study of homoclinic bifurcations, in dynamical systems, and in the study of the
classical Markov and Lagrange spectra related to diophantine approximations of
real numbers, in number theory (see [PT] and [M2]). Motivated by the study
of homoclinic bifurcations, J. Palis conjectured that generically the arithmetic
difference of two regular Cantor sets either has zero measure or else contains an
interval, and that this fact is always true for affine Cantor sets (see [PT], [M1]
and [P1], [P2]). C. G. Moreira and J.-C. Yoccoz proved this conjecture in the
setting of regular Cantor sets (see [MY]):
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Given tworegular Cantor set whose sum of Hausdorff dimensions is greater
than one, in almost all cases, there exist translations of them whose intersection
persistently has positive Hausdorff dimension

In fact they prove the existence of a non empty recurrent compact set of relative
configurations of (most pairs of) these Cantor sets, a condition which implies
stable intersection of pairs of Cantor sets in these relative configurations, as we
explain in section 1. We recall that, if the sum of the Hausdorff dimensions of
two regular Cantor sets is smaller than one, then their arithmetic difference has
zero Lebesgue measure.

Is to be emphasized that the above conjecture remains open in the affine case,
even in the generic setting. Besides the Hausdorff dimension, there is another
fractal invariant, introduced by Newhouse in [N], that plays arelevant role in such
guestions, namely the thickness (which we define below). Newhouse showed
that the arithmetic difference of two Cantor sets whose product of thicknesses is
larger than one contains nontrivial intervals. Such thickness condition was gen-
eralized in [M1]. In this paper we provide open sets of pairs of affine Cantor sets
with the simplest possible combinatorics (defined by two affine expansive maps)
which have stable intersection in many relative positions (and so their arithmetic
differences persistently contains nontrivial intervals), but do not satisfy the gen-
eralized thickness conditions of [M1]. We also study the topological structure
of the arithmetic difference of such sets, which is generically an R-Cantorval,
a kind of compact set with dense interior and fractal boundary, in contrast with
the examples given by the thickness conditions, where arithmetic differences are
finite unions of intervals.

Let us give some initial definitions in order to state more precisely our results.
We say that a Cantor sét is regular or dynamically defined if:

i) there are disjoint compact intervas, Ko, - - - , K, such thatk € K; U
.-+ U K; and theboundary of eacl; is containedn K,

i) there is aC'*< expandingnapys defined in a neighborhood &f; U K, U
.- U K; such thatyr(K;j) is theconvex hull of a finite union of some
intervalsK; satisfying:

ii.l Foreach,1<i <r andn sufficiently big,y"(K N Kj) = K,
2 K=n2, vy "(KiUKyU---UK).

The set{Ky, Ky, - - - , K, } is, bydefinition, a Markov partition foK , and the
setD = U[_, K is thecorresponding Markov domain &f.
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We say that the Cantor sét is close on the topologZ!+* to a Cantor set

K with Markov partition{kvl, Ko, - -+, Kq} defined bythe expansive magp if
and only ifr = s, the extremes oK; are neathe corresponding extremes of
Ki, i =1,2,...,r andsupposingy € C* with Holder constantC, we must

havey: € C1* with HolderconstanC such thatC, €) is near(C, €) andi is
close toy in theC* topology.
We say that regular Cantor sdfsand K’ hawe stable intersection if for any
pair of regular Cantor setX, K’) near(K, K’), we haveK N K’ # ¢.
Stableintersections between Cantor sets which come from stable and unsta-
ble foliations of a horseshoe provide persistent examples of open sets of non-
hyperbolic diffeomorphisms, after the unfolding of a homoclinic tangency. In
these cases, the open set of diffeomorphisms presenting persistent tangencies
between the stable and unstable foliations of the horseshoe stably has positive
lower density at the initial parameter of the bifurcation, in parametrized families
(see [M1] and [PTY]).
Stable intersection of regular Cantor sétandK’ clearly implieghe existence
of an interval contained in the arithmetic difference of the CantorlsetadK’,
which isgiven by:

K-—K:={x-y|xeK,yeK}={teR|KnNK'+1t) #d}.
Thelateral thicknesses andr; and thethickness of a Cantor set are defined

as follows:

LetU be a gap (i.e., a connected component of the complement) of the Cantor
setK and letLy , Ry be theintervals at its left and its right, respectively, that
separate it from the closest larger gaps.
Lu U Ru
K: ) ( ) ( —

We definerr(U) = L, 7 (U) = [,
r(K) =Inf{zr(U)|U bounded gp of K}, the right thickness oK,
7 (K) =Inf{z_ (U)|U bounded gp ofK}, the left thickness oK and
7(K) =Min{zr(K), 7. (K)}, thethickness oK (introduced by Newhouse).
In [M1], it is shown that there exist an open and dense subgetin topology
of regular Cantor sets whose elements have these lateral thicknesses varying
continuously. It is also shown that these lateral thicknesses are continuous at
affine cantor sets defined by two expansive maps.
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Here westate some classical results on regular Cantor sets:

NIf HD(K) + HD(K’) < 1,thenK — K’ has measureero, therefore no
translations oK andK’ hawe stable intersection (see [PT]).

I If t(K).7(K’) > landK islinkedtoK’then(K, K’) hawe stable intersection,
thereforeK — K’ contains anontrivial interval (see [N] and [PT]).

) If tr(K).7.(K") > 1andr (K).zr(K’) > 1thenK — K’ always contains
an interval. In fac(K, K’) hawe stable intersection, provided

i) K is linked toK”’,
il)Tr andt_ are continuouat K andK’ (see [M1]).

IV) There exist Cantor set, K’ such thatKk — K’ has positte Lebesgue
measure, but doesn’t contain any interval (see [S]).

It is not difficult to construct affine Cantor sets defined by more than 2 expan-
sive maps and small lateral thicknesses, while they have stable intersection (see
[M1]). However, for affine Cantor sets defined by two affine expansive map,
the conditions given in [M1] which guarantee stable intersections are equivalent
to condition (lll) above. These considerations motivate the following problem,
which we will discuss in this work:

Problem 1. Does there exist a non empty open set in the space of affine Cantor
sets defined by two expansive maps contained in the region

{(K, K [ tr(K).t (K') < Lor 7 (K).7r(K") < 1},

such that their elements have stable intersection?

In order to give an affirmative solution to this problem, the main challenge is
to construct a recurrent compact set of relative configurations. It would give a
positive answer to Problem 1, since, by the proposition in section 2.3 of [MY],
any relative configuration contained in a recurrent compact set is a configuration
of stable intersection.

In [MMRY], the topological structures with appear persistently for arithmetic
sums and differences of regular Cantor sets are studied. We apply some tech-
niques of this work in order to show that for generic pas K’) of Cantorsets
in the open set which we are considering, the arithmetic differéhece K’ is
an R-Cantoral (a certain type of compact subset of the real line introduced in
[MO], a work about the topological structure of arithmetic sums of affine Cantor
sets).
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In section2 we present the necessary definitions and state the recurrence con-
dition on relative configurations of [MY] which implies stable intersection of
pairs of regular Cantor sets.

In section 3 we translate this condition to the setting of affine Cantor sets,
which gives a recurrent condition on a simpler space of relative configurations.

In section 4 we construct a recurrent set of relative configurations of affine
Cantor sets defined by two expansive m&pandK’ with 7, (K) - tr(K") < 1
underspecial conditions (theorem 2).

In section 5 we characterize the topological structure of arithmetic difference
setsK — AK’” with A > 0 for generic pairgK, K’) as describeth section 4.

2 Basic definitions

We will use notations similar to those of [MY] which are restated here.

A regular Cantor set can be reinterpreted as follow.

Let A be a finite alphabetB a subsebf A%, andX the subshift of finite type
AZ with allowed transitionsB.

We will always assume that is topologically mixing, and that every letter in
A occurs inx.

An expansive map of typ@e is a mapg with the following properties:

i) the domain ofg is a disjoint uniorl_J, | (a, b), where for each(a, b), | (a, b)
is a compact subinterval df(a) := [0, 1] x {a},

i) for each(a, b) € B, therestriction ofgto | (a, b) is a smooth diffeomorphism
onto | (b) satisfying|Dg(t)| > 1 for allt.

Theregular Cantor setissociated tg is the maximal invariant set

K = ﬂg‘“(U | (a, b)).

n>0

A regular Cantor seK is affineif Dg is constant on every(a, b).
Let ¥~ = {(Bn<o : (6i,6i41) € 2-}‘~fori < 0}. We equipX~ with the
following ultrametric distance: f&t £ 6 € ¥, set

1 0o # 0o

d@. o) = { 1@ Af)  otherwise’

whereg A G = (0_n, -+ ,00)if6_j =6_jfor0<j <nandd_n ;1 #6_n1.
Now, let§ € =;forn > 0, letd" = (6_,, ..., 6p), andlet B(") be theaffine
map froml (8") onto | (8y) such thathe diffeomorphisnk% = B(@") o fynis
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orientation preservingFor anyd € ¥, thereis a smooth diffeomorphisrk?
such that conwerges tok? in Diff’_ (1 (60)), for anyr € (1, +00), uniformly
ing.

Next, we define renormalization operators. Farb) € B, let

fab = [0l @pnl ™

this is a contracting diffeomorphism from (b) onto I (a,b). If a =
(ag, a1, ..., a,) isaword of &, we put

fa = fagay 0+ fay 100,

this is a contracting diffeomorphism fror(a,) onto asubinterval ofl (ay)
that wedenote byl (@).

Let FZ be theaffine map froml (6p) onto| (6_1, 6p) with thesame orientation
of f971,90'

Let A = {(@, A}, whered € =~ andA is anaffine embedding of (6p) into
R. Therenormalization operator3y, 4, : A — A is definedas follow:

To,.000, A) = (861, Ao F2) where (6o, 61) € B.

Assume thatve are given two sets of daté, B, =, g), (A, B, ¥/, ') defin-
ing regular Cantor setk, K’.

We denote byC the quotienf A x A by thediagonal action on the left of
affine group.

A compact setl in C is recurrentif for everyu € £ and¢, ¢ > 0 with
¢+ ¢ > 0,when (g, A) and (9’, A') representsl, thenthere exists words
a=(a, -, anda’ = (a, ---,a,)in ¥ andX’, respectiely, withag = 6,
ay = 6, suchthat (Ta(8, A), T, (0, A)) = v belongs toL° := int(£). The
following proposition is proved in [MY].

Proposition 1. Any relative configuration (of limit geometries) contained in a
recurrent compact set is stably intersecting.

In the end of this section we suppose tlfat= £~ x %'~ x R*, where
R* = R\{0}. Onecan see that the fibers of the quotient nap— S are
one-dimensional anbave a canonical affine structure. Moreover, this bundle
map is trivializable. We choose an explicit trivializatiGn= S x R in orderto
have a coordinate in each fiber.
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3 Transfer of renormalization operators on the spaceS x R

We assume thaK is an affine Cantor set together with the Markov partition
{I(n,m)}_ ... and anexpansive map

o |I(n,m) (X) = p(n.m) X+ q(n,m)’

where A = {1,2,3,...,N}. Moreover, we assume thain) = [a}, a?] ,
I (n,m) = [a; . &3 1, thereforefor every(n, m) € B, wehave:

Ol (n,m)) =1 (m).
In the casep, ¢,) > 0, F¥ is asbelow:
F&% : 1(61) — 1 (60, 6),

a920, 1 B ag-oa 1
00 = g or 0 ) +

1 1

Also, inthe opposite orientation, we have:

a92,9 _a;-ﬁ
—— ago X = ay,) + a7,

1 1

Fo(x) =

Therefore, irboth cases we have:

1
FQel(X) — X — Y60.61) )
P@o.60) P@o.60)

In this section we first construct the homeomorphism betw&enR andC,
then wetransfer all renormalization operatorsio R and wefind the recurrent
setinS x R.

Theorem1l. The map

L:C—-SxR

[, ax +b), @, ax +bD)] > (Q, 0, % b - b)

is anhomeomorphism between the space of relative configuratiams S x R.
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Proof. L is well defined:
Let
[(0,ax +b), (@', ax +b)] = [(@, arx + by), (0, a;x + b)].

Then thereexistsc, d € R such that:

aiXx+by=clax+b)y+d, ajxx+b;=c@x+Db)+d,

therefore
a’_aq/_ b’—b_b/l—bl
a a  a  a
L is onto:
V(.0 st)eSxR, L8, x), (0", sx+1D)]) = (6,6, s,1).

L is oneto one:
Suppose that

L@, %), @', sx+1]) = L@, %), @', sx +1)]),

thens=¢5, t =t
From thestructure ofL, we haveL andL 1 are continuous. O

Now we transfer the renormalization operators of relative configuratioios
the spaces x R. To do this, let((61, 6o), (07, 6p)) € B x B, thenwe have:

(T, . T
01.60° o/ ol
17060169

1 )
©.6,5t — [@,%, @, sx+1)]

1 S /ol
©60, ——x—dotny g Sy A )L
P6o.61)

P@o.01) Pey.6;) Pey.0;)
p(e 01) 9 g0
(9 01,0' 01, =S, Pap.opt — —>— Po.o) S+ Ueo.0)
.0 Plag o1

we denote. o (T, , ., Te/i.%) oL lhy Ti01.60).(6;.6))- Moreover,

Ter0id) = (0,0',8,1) —> (061, 0", P, 1S+ Pogo t+ Uopa)s
/

S q
L (0.0, 8,t) — 0, 00, — , t— p*jl'%s).

01,60

/
T(Id (61.60)) *

-
91,90
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4 Construction of recurrent sets

In this section we introduce a family of affine Cantor sets that have a recurrent
compact set in relative configurations while they satisfy(K) - tr(K’) =
3

Theorem?2. Suppose thaK,K’ aretwo Cantor sets as follows:

12 n 3 2 3

K : K:—  ——

That is,K is the affine Cantor set associated to
¥ :[0,1]1U[3,n+ 3] — [0,n + 3]

given by
(n+ 3)x X € [0, 1]
nN+3)x—3)/n Xxe[3,n+3]°

while K’ is theaffine Cantor set associated ¢o: [0, 3] U [5, 8] — [0, 8] given
by

Y(X) = {

| 8x/3 x € [0, 3]
v = { 8x —5)/3 xc[58] °

Then forn > 130, there exist a non empty compact recurrent set in relative
configurations.

Proof. By Theorem 1, itis sufficient to show the existence of a recurrent com-
pact set for the following maps:

R*xR— R*xR

61 —% (N +3)s, (N +3)t) (S,t)g<n;r35’n:3t_3<n:3>> -

T (3 T (3
(s, 1) — <§s, t) (s, t) — (és,t+55)

We claim that ifn is chosen conveniently large, then the set

L={(Dll=<s=

w, 8s+t>7 andt < n+ 2},

is a recurrent set for the mays).
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Casel. If1<s< ”—f’ and3<t < n+2,thenTy(s, t) € £°, wheren > 24.
Case2. If M3 <5< 309 and3<t <n+2 thenTyo Ty(s, t) € L0
Case 3. If3<s< 3<”T;“3) t <3 and3s+t > 8, thenTy(s, t) € L°.
Cased4. Forl<s<3,t<3 and &+t > 10, we have:

8(m o Ta(S, 1)) + 20 T1(S, 1) = ?(SS—H —-3) > 7(nT+3) >7
ThusTi(s,t) € L°.

Caseb. Ifl1<s<3,7<8s+t <10, we denote:

. 2 l1<s< 256 39
i(s) = { 3 255 _ g 13§ ,C(S) i= gm1S and m:= 5.
135

By usingg1 < c(s) < f—é we selectn sufficiently large (e.g.n > 130) such
that:

1) 10— 3—3m—3m —c(s) < 242 2y 4_3m >

(n+3) (n+3)2
3) a2 + 2m® — Se(s) < L0ED 4)4-5c(s) > 5
5) 2 < Tm? 6) 3+3m-— 137(2113‘§3m2 < o
7)3+ %m - '(zﬂiéG +3) > n+3

Now we consider following operators:
) T1%0TooT3(s, 1) = (W2 ()i ©s, 03" (851t —3—3m—3mR—c(9))),

) T, 0 TooT2(s, t) = (M22(3)i o5, 2% 85 4t — 3 3m— c(9))),

) TooT, ™ ToTooTA(s, 1) = (H22(3)Os, 37 851t —3-3m—Ec(9))),
IV) Too T, ¥ o TooTu(s, t) = (W (2)i s, ™32 (g5 4 t — 3 &¢(s))).

The abee equalities hold, since for every natural numbpeve have:
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) Th(s. ) = ((2B)s, (2B)i(t —3— 3m— 3P — .. — 3mi~1)),

i) T/ (st =(D)ist+81-(d))s).

For simplicity we use the notiorg(t) as the image of operators (1),...,(IV). It
is easy to see that for > 8, we always have:

~ 3n+23) 4 32
< since = < c¢(s) < —
8 5 15

To prove thatf is recurrentwe have to divide this region to the following cases:

5.1) 8s+t >3+ 3m+3nf + ;&m?.

i (s)

We use (1) and (1) and we obtalj ~ o To oT3(s, t) € L°, since

(n+3)* 8 n
7
n3 n+3(n+3) ~

4
8’§+t~_( +3)

(8s+t —3—3m—3n7r) >

5.2) 8s+t <34 3m+ m? 4 c(9).

Weuse (II) and (2) and we obtaﬁ o TooTA(s,t) € L2, since

(n +3)3

B+t= (8s+t —3—3m).

53) 8s+t>3+3m+ n—+3m2 + §c(s) and weare not in the case (5.1).

We use (lll) and (3) and we obtaif o T,

"9 6 Ty oTA(s, 1) € £°, since

3
& 4+T= (+)

(8s+t —-3-3m-— —c(s))

3 2
>(rl+3) 8 n o7
— n2 n+3\n+3 ’

g N+ 3)3

(85+t —-3-3m-— —c(s))

3
< (n :23) (3m? + %m — égc(s)) <n+2.
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5.4) 8s+t <3+ rim+ Sc(s).

ni(s)—-1

We use (IV) and (4) to obtalﬂ' oT, o Too Ta(s, t) € L°, since

~ 3)? 5 3)? 5
8+t = n+3) (83+t—3—§c(s))> (n+ ) (4——c(s))>7
~ (n+3)7 8 (n+3)2n+1 n
_ _3_= 2.
t (8s+1t—3 3c(s))f - n+3n+3<n+

If i(s) = 3, becauséb) is valid we have:

8 5 n+1
3+3m+ ——m?+ =c(S) < 3+3m+ ——m? + c(S).
+ +n+3 +3()< + +n+3 + c(s)

Otherwise:

5.5) Max {3+ 3m+ tim? +c(s), 3+ Pm+ 3c(s)} < 8s+t

. 8 5 8
< Mln{3+3m+—mz+—c(s) 3+3m+ 3n12+—m3}.

n+3 377 n+3
AS
n+1 8 5
3+3m+ ——n? 8+t <3+3m+——m?+ =c(s),
+ m+n+3m +c(s) <8+t <3+ m+n+3m +3c(s)
we obtain:
3(n—) <o)
2nt+3) '

Also fromrelation

n+1 8 8
3+ + m+ —c(s) < 85+t < 3+ 3m+3m? + ——m°,
n+3 3 n+3
we have:
o) 2n+8m 8 o 3 2n+16Jr3
< < = .
n+3 n+3 8\ n+3

Therefore wehave:
A 3, 49 .
Ty 0TgoTo(s, t) = ((n+ 3)(5) S, (N+3)(Bs+1t— EC(S))) SN
since relationgi) and (ii) are valid:
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- 9 3
) 8s+t—Pc(s) =8s+t — 2c(s) — He(s)

8 17n—-7
3+3m+ ——m?— — m?
<otemt T 3n+3
17n— 143
—343m- Ty
+ 3(n+3)
n+1
< 9
n+3

since (6)is valid.
i) (10T 0TgoTo(s, 1) +m20T 0 TyoTo(s, t) = (N+3)(8s+1t — L2c(s))

= (N+3)@s+t—3c(s)—2c(9) > (N+3)(B+1Em—4(2E0+43)) > 7,

since(7) is valid.

Case 6. For 3<s <303 7 < 8s+tand 3+t < 8, we have:

3(n+3)

i) 1<nloTl,(S,t)=gS< 8

i) m0Ti(s,t) =t+5s<t+3s+ 24 < n42 sincen> 33,
iii) 8(r10T,(S,1)) +m20T, (S, 1) =8s+1t>7.

ThusT/(s,t) € £°. Notethat in the case of equality, we come back to the
case (5). This completes proof of the theorem. O

5 Onthe topology of the difference set — AK’

Wewill use results of [MMR] in order to show the following proposition. Recall
that aR — Cantorval is a perfect compact subset of the real line with dense
interior such that all of its bounded gaps have non-trivial intervals attached at
their left extremes and have the right extremes accumulated by both intervals
and gaps (see [MO]).

Proposition 2. If ngislarge enough, there is a residual and full measure subset
R cC (ng, +o0) x (0, +00) suchthatif (n, 1) € R, thenK —AK’ = K(n) —AK’
isanR — Cantorval.

Bull Braz Math Soc, Vol. 36, N. 3, 2005



376 BAHMAN HONARY, CARLOS G. MOREIRA and MAHDI POURBARAT

Proof. Let us first show that fon in large as described in the previous section,
and for anyr > 0, K andAK’ + (n 4 3) hawe extremal stable intersection, i.e.,
there exists$ > 0 such that for any pair of regular Cantor seis, K') close
enoughtaK, AK"), K — K’ contains annterval of sizes whose rightmost point
coincides with the rightmost p0|ri( K’. In fact, it is enough to show that,
givenx > O there exist > 0 such that,ih+3—¢ <t < n+ 3, thenK and
AK’ + t hawe stable intersection.

In order to show this, notice that there is exactly one value ©iN such that,

n+ 3\ n+3
25(%) (n+3—t)<2< : )

providede < 2 (in this case, we have@n+3—t <¢ < 2). If¢ > Oissmall
enoughk should be large, sd%s)ka > 1,thus there ig € N such that

3\'/n+3\¥ 8
1<|= < —.
8 n 3

TgTH(s ) = ((g)j (nTJr?’)"S, n+3— (%?’)k(n +3-t) =G Decr,

Now we have:

indeed, 1< 3 < § < 23 andn < T < n+ 1, since™? < 2.

A pair (K, K’) of two affine Cantor sets defined by increasing maps satisfies
the xR property (see [M1] and [MMRY)), if there ave> 0, t € R such that the
support intervalga, b] of AK + t and[c, d] of K are left-linked, i.e.a < ¢ <
b <dand(AK +t) (K = . In our setting(K, K’) satisfies theR property,

3 19, . .
becaus%.[o, 8] — 0 is left-linked with

[0, n + 3] and( K’——)ﬂK_@

Accordingto the arguments of proposition 1 and 2 of section 3 of [MMR], which
we reproduce below, it is enough to have

I 3 b—
M ¢Q anda—Ac#b—Ad, ie, A # a’
In3 d—c

for every a, b extreme points of gaps & andc # d extreme points of gaps of
K’ in orderto conclude thak — AK’ is anR-Cantorval.
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The sefof (n, A) which satisfy these conditions is the complement of a count-
able union of curves, so it is a residual and full-measure set.

To show the statement above, notice that a right extreme of a bounded gap of
K — AK’is always, in a unique way, of the foram— Ac, wherea € K, c € K’
are tremes of gaps, so there are intervals of the constructithandK’, say
J; and J; such thata is the right extreme ofl; andc is theleft extreme ofJs,
andif K = K (N J; andK’ = K’ (N J,, thenK andK” are Cantosets similar to
K andK’, and,since(K, K’) satisfies the:R property and“;g—g?ﬂ ¢ Q therefore

3

K — 1K’ does notontain any interval adjacent to— ic, by theorem IV.1 of
[M1]. On the other hand, a left extreme of a bounded gald 6f AK' is of the
forma — Ac, wherea € K, c € K’ are extremes of gaps, say; and J; such that
a is the left extreme ofl; andc is theleft extreme ofJ,. If K =K (1 Js and
K’ = K (N 4, thenK andK’ are Cantosets similar tok andK’, and, by the
extremal stable intersection properf{/,— 1K’ contains arinterval attached to
it rightmost pointa — Ac and this completes the proof of proposition. O

Remark. The same proof shows that, for generic pe(il% K’) of regular
Cantor sets close K, K’), thesame result holds; fox € (0, +00)\C, where
C is a countable seK — LK’ is aR-Cantorval.

Open Problem 1. Does there exist a non empty open set in the space of pairs
of affine Cantor sets defined by two expansive maps contained in the region

{(K, K | tr(K). 7t (K') < 1 and 7. (K).7r(K") < 1},

such that their elements have stable intersection?

We can pose the same question for homogeneous affine Cantor sets defined by
two expansive maps. We find this problem particularly interesting since these
are the simplest examples of regular Cantor sets, and not much is known about
the arithmetic difference of two such sets in the cases where the product of their
thicknesses is smaller than one but the sum of their Hausdorff dimensions is
larger than one.
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